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TWO GEOMETRICAL EXAMPLES FROM 
ARISTOTLE'S METAPHYSICS 

Evpt- 

aKeratl Kal a ra 8LaypatiLaTra evEpyElaLt OlapovrCES yap 
EVpiLaKOvaL. el 7' 71v sltpr L77tva, (,avEpa av 7rv viv 8' evv- 

7rapXEL SVVa,/EL. ota Tr 8vO 3pOat ro TrpIywvov; oTn at 

Trepl tLlav UTLYJi7lV ywcovLaL LraL OVO OpOal. el oVv aV7Kro 25 

7 7Trapa rTiv r7TEVpav, 36vrTL av 7v EvObrs 8Asov 6La Tr. 

Iv 77tLKVKAlWOL pO'1 KaO6Oov oLa Tr; Ea v L'CaL TpELs, 7 re 

TdaLts o go Ka'l 7j K tLEaOV E 7laTara0Ea opO77, lO6vrL S7Aov 
T()L EKELVO ELOTlr. (WUTE (avEpov OTL Ta dUvvaUIEL ovra els 

evepyELav ay6oFiva EVpLKETaL atrTov SE OTri 7 v0o/a( 30 

EvEpyeLta WarT Ei vepyevlaS 717 vatLLS, Kal Tla roVTO iOlOVV- 

TES yLyvCajKOvcLV (VoTEpOV yap yeVEaEl 77 EVEpyEta 7 KaT 

aptLOL6ov). 
Aristotle, Metaphysics @ 9. 1051 a21-33 

27 La rT' EJAb Al. (ap. Ross et Heath): iLrTL A1P (ap. Jaeger) Lat. recc. post rT (26, 27) 
interpunxerunt Cannan et Ross, sed fortasse Al. post 8S)Aov (26) et Tr (27) post SAov (26) et 
KaOo6ov (27) interpunxerunt qui SLOTt scripserunt (e.g. Bekker, Christ, Jaeger) 30 "7 v6oqaLs 
ci. Ross: vo67nL7S 7, codd. 

The discussion of mathematical knowledge and its relation to the construction of an 
appropriate diagram in Aristotle's Metaphysics 9 9. 1051 a21-33 is an important, if 
compressed, account of Aristotle's most mature thoughts on mathematical knowledge. 
The discussion of what sort of previous knowledge one must have for understanding 
a theorem recalls the discussion at An. Post. A 1. 71 a 17-21, where the epistemological 
point is similar and the examples the same. The first example, that the interior angles 
of a triangle equal two right angles, appears no less than thirty times in the corpus 
(inter alia, An. Post A 5. 74a 16, 23. 84b 6-9, 24.86 a 22-30). The example of the angle 
inscribed in a semicircle being a right angle also occurs at An. Post. B 11. 94a27-34, 
but in a very different context from its two companions. Illustrations of both theorems 
provided clear stock examples for Aristotle. 

It is not a simple matter, however, to decide what the diagrams and the proofs for 
the respective theorems must have been. Yet the philosophical and mathematical 
points seem to rely on the way we understand the constructions. In this paper I shall 
first argue that Aristotle's proof of the angles-in-the-triangle theorem was the so-called 
Pythagorean version,' and not the Euclidean, as Heiberg, Heath, and Ross claim.2 
Then I offer an emendation of the text to bring the second example into conformity 
with the philosophical point expressed in the text. 

Aristotle's goal in this passage is to show how the constructions make knowledge 
possible. The ekthesis being complete, all one has to do is see the appropriate relations 
and recall the right theorems for the proof and the theorem to be evident. He offers 

1 Proclus, in Primum Euclidis, p. 379. 2-5, attributes this ascription to Eudemus, the 
Peripatetic. The fact that Aristotle's friend is the source of this claim itself suggests Aristotle's 
acquaintance with this version. 

2 Heiberg, pp. 19-20, followed by Heath, 1949, pp. 29-30, 217, and Ross, 1924, ii. 269-70. 
Cf. Heath, 1926, i. 321. For Bibliographical details see pp. 371-2. 
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two examples where one does not see the proof until one has all the constructions laid 
out which are needed for the proof. Any reconstruction of his diagram or proof must 
take into account the fact that all one is given is the initial figure determined by the 
statement of the theorem, a triangle or an angle in a semicircle. Any construction to 
be made must be stipulated only then. And then the proof must be evident, given the 
theorem appealed to. Other theorems will, of course, be needed. But the example is 
pointless if it dispenses with the cited theorem or relegates it to a minor role.3 

Euclid I. 32 has two parts: I. 32a, in every triangle when one side is extended the 
outside angle is equal to the two opposite interior angles, and I. 32 b, the three interior 
angles of a triangle are equal to two right angles. The given figure in the first part 
will not be a triangle, but a triangle with one side extended. The geometer then 
constructs a parallel CE to AB (Fig. 1) in order to prove I. 32a. I. 32b then follows 
trivially from the construction. But observe that to prove I. 32 b no new constructions 
are necessary. So in this example the geometer starts with more than a triangle and 
his figure ends with more than a triangle and a parallel line. 

A 

E/ 

B C D 

Figure 1 

The Pythagorean proof involves merely the construction of a parallel line. The 
theorem is immediately evident from the given figure, the construction and the obvious 
facts about alternate angles in cut parallel lines, and the fact that DAB + BAC + CAE 
is two right angles (Fig. 2). Aristotle says (Met. O 9. 1051 a 24-26), 'Why is the triangle 
two right angles? Because the angles about a point are equal to two right angles. So 
if the parallel to a side were drawn it would be immediately evident to someone who 
sees (the figure) why it is.'4 Aristotle starts with a triangle and tells you to construct 
a parallel line. He cannot have the Euclidean proof in mind. For one cannot assume 
that one has CD already constructed from his remark, unless he already assumes 

3 In this discussion I assume Ta tLaypaL?tIara at 1051a22 means diagrams (Ross, 1924, 
ii. 268), and not geometrical proofs of propositions (as in Bonitz, 1849, p. 407), unless the proofs 
are seen as the constructed figures. Heath (1949, p. 216) supposes it to mean any geometrical 
proofs or propositions. So it can sometimes, but not always (cf. Bonitz, 1870, p. 178, lines 3-11), 
and certainly not here, where the discussion is about what propositions must be known and, 
more important, what geometrical construction is needed. Division here is not the division of 
the Topics or Plato's Sophist. It is geometrical analysis, as Bonitz (1849, p. 407) indicates. We 
must understand the 6Laypa'.araa as being found (1051a22), divided (a23), and led into 
actuality (a29-30). For we must understand the objects to be divided (8oaLpovrTeS) to be of the 
same sort as that which get divided, namely Ta 8taypa4LtaTaa, which must also be ra ovvdaptE 
6vra (1051 a29). And as Bonitz (1848, pp. 407-8) says, these are certainly mathematical 
objects. For a list of parallel passages where there is the point that from the diagram the matter 
is evident, cf. Heiberg, p. 6. 

4 
oAl rt ovo op0a a To pLyUOVOv; OTn al 7rEpl iulav raTLYLjqv yWovIaL lcraaL oV6 pOals. El owV 

av7KTO7 rj rapa T7jIv TAEvpav, lvo7TL av )v evvs og 8Aov Ola Ti. 
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D ___ A ___ E 

B C 
Figure 2 

I. 32a. But then the parallel line is no longer needed. It has been drawn. Furthermore 
Aristotle does not even mention I. 32a anywhere in the corpus. Even the theorem 
which gives the total exterior angles of a polygon (An. Post. A 24. 85b37-86a3, 
B 17. 99a 19) relies on I. 32b.5 

That a single construction is required is clear from the traditional interpretation. 
Both ps.-Alexander and Eustathius, the Arabic translator, take &VKTO 7 7Trapa T7v 

rrTAvpav to mean 'the line along the side is extended'.6 Thus they begin with a triangle, 
extend one side, and then apply I. 32a, which they suppose to have been proved. 
There is one construction, and, moreover, the passage now reflects even the wording 
of Euclid. For once I. 32a is proved, namely that ACD = CAB + ABC, all that one 
needs is the observation that the angles about the point C are two right angles. And 
this is just about the only significant fact that Euclid brings in. If the author of this 
part of ps.-Alexander's commentary is really Michael of Ephesus, and if Eustathius 
translated in the mid-ninth century,7 then we may suppose this interpretation to have 
been nigh standard thence till Schwegler, who considers the phrase ambiguous.8 
Indeed the interpretation is so elegant that it is to be preferred, if it is possible. 

Bonitz, however, drew attention to Topics 0 3. 158b31, where 7 Trapar Trrv 7TAEvpdv 
can only refer to the parallel to the side. This would not clinch the matter (Aristotle 
could have used the phrase in both ways) were it not for the preponderance of evidence 
that the expression cannot mean 'the line along the side'.9 And so we are forced to 
reject the interpretation of ps.-Alexander and Eustathius. 

5 Heath suggests (1921, pp. 144, 340; 1949, p. 63) that this theorem is Pythagorean. This is 
enticing, but he offers no evidence. When Proclus mentions the theorem (pp. 383-4) he claims 
that it, with the general theorem of the interior angles of a polygon, is a preliminary for the 
Timaeus. Even if he has special reason for this, it will not push the theorem into the world of 
the Pythagoreans. 

6 Ps.-Alexander, p. 586. 12-15; Averroes, vi. 1214. 1-2. 
7 Cf. Bouyges' remarks in Averroes v. cxviii-cxix. 
8 Cf. Schwegler, p. 185. Aquinas, In Met. ix. L. 10: C 1889, adopts ps.-Alexander's interpre- 

tation, and even those who still put in both constructions, e.g. Averroes, vi. 1216. 6-1217. 1, and 
Niphius, p. 509, take the construction to which Aristotle refers to be the extended line, CD. 
Albertus Magnus apparently is unclear as to which construction he adopts (cf. Burke, p. 144). 
I gather that the less ambiguous, but obviously corrupt 1I rrepi re7V rr)Tvpav was accepted because 
it better describes the accepted construction. Hence the texts of Erasmus or Petrus de la Roviere 
and the common translation with 'qui circa latus est', which may also be found, for whatever 
reason, in the Parma Aquinas (p. 547). 9 It could in the appropriate context mean 'the area applied to a side'. Cf. Mugler's article. 
Knorr, pp. 196-7, has given further evidence for the expression's indicating a parallel in 
Archimedes, although it is rare in Euclid. If his overall argument is correct it certainly points 
to pre-Euclidean usage. 
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What gives rise to this interpretation further counts against Heiberg, Heath, and 
Ross. For the interpretation can only have arisen from people who wanted to reconcile 
the text with the familiar proof in Euclid. But they saw that there had to be one 
construction. And the Heiberg interpretation gives two. So they interpreted the 
passage in a way that would give one construction and a proof.10 

Heiberg, Heath and Ross1" offer one objection to the occurrence here of the 
Pythagorean proof. Heath claims that cLV7jKTO must refer to an ordinate, and he cites 
Apollonius, where advayetv typically is said of a line drawn from points on a diameter 
to points on a circumference. KarayeLv typically takes lines from a circumference to 
a diameter. The suggestion is that the lines cannot be drawn parallel to the base. Of 
course Figure 2 could easily be drawn so that the line DE is drawn up and down 
parallel to BA. Moreover it is not clear what relevance Apollonian terminology has 
here.12 In the only other geometrical use of avaELtv in Aristotle (Meteor. F 5. 376a 1) 
al a7ir TOV r7K advayo6tLEvac ypalatua are drawn from a diameter to the circumference. 
But from the vantage of the man looking at the diagram all directions are possible.13 
In our case there is no circumference or diameter, and in the technical use these are 
the only direction-markers. Unless we assume that the direction is understood as 
hidden in the construction of the parallel, the technical use cannot be used as a guide 
to whether Aristotle in 9 9 means by av'rKTo that one literally draws up from a given 
line. Nor will Eudemus on the Pythagorean version and Euclid's Elements adjudicate 
the matter. They both use XOXw. But fortunately Euclid's Data does, i.e. if one accepts 
definitions 13, 14:14 

ty'. KarTqyjlE'vrq EoTnv vov arro E8OVeEVoV U ELOv E7TL OEaEt evOCLav ayoteEvr7 
evOEla Ev SE8of/LEV-lq ywVtaL. 

The line led from a given point to a line in position in a given angle is 'led down'. 

t'. 'Avr7yftev7r EoTLv 7 a7Trro Eo0fEivov aUr7mlELov Trpos OEaEL evOEtLat 1 yo/eivr 
evOela Ev 8Eof/J,EVq7L ywvtat. 
The line led from a given point on a line in position in a given angle is 'led up'. 

In the context of analysis, given a point in position on a line and an angle, avdyEtv 
is to draw a line at that point in that angle. Direction is not relevant, but the angle 
is. Given the uniqueness of our passage and this evidence of neutrality from Euclid 
(or Apollonius) we are free to translate it by the equally idiomatic 'is led back (from 
A)'. Finally I should point out that Heath himself is not so confident of his argument. 
For he says, 'This (Aristotle's description of the construction) would apply equally 
to the Pythagorean way of drawing the parallel or to Euclid's'.15 

10 Cf. Burke, p. 133, who recognizes this as a clear problem. 
" See note 2. 
12 Cf. Apollonius 1. 50, 51, where !vayetv does not imply direction up. 
13 This is not the appropriate place to show this. But one locus of lines will lead to the horizon, 

i.e. behind HK. 

14 It is really of no importance if they do belong to Euclid or to Apollonius, as the tradition 
referred to by the scholium to definitions 13-15 maintains. For if an Apollonian definition fits 
this view of avdayetv then there is no reason to reject the same usage for Aristotle. 

15 Heath, 1949, p. 73. The variations which one may conjure up are perhaps endless. But the 
number of cases which fit the text are not. So we propose a version with one construction, CE 
parallel to AB as in Fig. 1. But then we will have to use something like the fact that the interior 
angles on the same side of two cut parallels equal two right angles. And this version must be 
rejected, not because it lacks ancient authority, but because we will not then use the fact that 
the angles about a point are two right angles, even if this fact is used in proof of the parallel 
theorem (as Euclid I. 28, 29). 
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E 
A 

B D C 

Figure 3 

Unfortunately, as the text stands, the second example of the angle in the semicircle 
in Met. O 9 is both philosophically and mathematically incorrect. The text says that 
we are to see why the angle in the semicircle is universally a right angle. Yet the 
construction we are supposed to make seems to yield only the particular case where 
the inscribed triangle is isosceles (cf. Fig. 3). Even if the diagram in Figure 3 can yield 
an immediate proof (without new constructions), the example would be poor. It is 
not immediately evident that the universal case is true from the diagram. Are we 

supposed to see why the theorem is true on the basis of an incomplete induction, an 
anathema to generality which at best would give the appearance of being a proof by 
cases? If this account is correct, either Aristotle has made a foolish mistake, or we 
shall have to emend the text. 

Before setting ourselves the onerous task of emendation we should consider the one 
avenue of avoiding the dilemma. Heiberg,16 followed by Heath17 and Ross,18 points 
out that Aristotle may have in mind an appeal to Euclid III. 21: in a circle the angles 
in the same segment are equal to one another. So using this theorem the problem will 
be solved in the following manner. According to most of the standard editions (Bekker, 
Ross, Jaeger), the text (1051 a27-29) should read, 'If three sides are equal, the base 
taken as two and the side brought up upright from the middle [D], [why or that the 

angle in the semicircle is universally right] is evident to someone who knows this [that 
the interior angles of a triangle equal two right angles] upon seeing [Fig. 3].' 

Construct DE perpendicular to BC and connect EB, EC. Now BEC is clearly right. 
For BD = DC = ED. And so EBD +BED + BDE = two right angles. So EBD 
+ BED = one right angle. But EBD = BED. So BED = one half of a right angle. Like- 
wise DEC = one half of a right angle. So BEC = BED + DEC = one right angle. This 
proof is thus far cumbersome because it must use two facts, the angles-of-a-triangle 
theorem and that ED is perpendicular to BC. Now having shown this, Aristotle can 
appeal to Euclid III. 21 and say that BAC is a right angle as well. 

It is not an objection to this version that the proof is unlike Euclid's proof. In this 
we shall see that Heath is correct. However, there is good reason to reject this solution. 
First, it would be nice to have some textual justification for appealing to III. 21 other 
than that it makes the particular case general.19 III. 21 occurs nowhere in the 

"1 Heiberg, p. 21. 
17 Heath, 1921, pp. 339-40; 1926, ii. 63-4; 1949, pp. 73-4. 
18 Ross, 1924, ii. 271; 1949, p. 641. 
19 In Eudemus' account of the squaring of lunules by Hippocrates of Chios, he refers to an 

analogue of III. 21 and III. 31 (cf. Simplicius, in Phys, vol. 1, p. 61. 14-18): Kal ywovlas a'as 

EXETraL Tra ofLola TL'i.rLaTa. atl yoVv TWV 'fjLKVKALKwV iravTwv 6opat elUL, Kal <al> TrV 

LEtL6OVcjV EAarrTTOVES OpOV KaIt TOUOVTWLt OUOJL ElOVt Eova ')tKVKAL'WV Ta Tr/JL4aTa, KaL al TOV 

EAarrTTOvoV ILEL?OVES KaL roaooTutr L ocawtL AhdTTova Ta TtL7j)fLaTa. This seems to indicate that the 
theorem of the angle in the semicircle was proved separately from the case where the segments 
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Aristotelian corpus; so it might seem strange that Aristotle appeals to I. 32b when 
the important theorem is III. 21. The natural rejoinder to this is that in the first 

example Aristotle has appealed to a simple fact, when there are more 'advanced' facts 
used in the proof, i.e. about parallel lines. So under any account the fact that the angles 
about a point are two right angles and I. 32b must be brought in for a special reason. 
Later I shall give such an account. Suffice it for now that Heath's solution leaves it 
in the air why Aristotle mentions I. 32b and not III. 21. 

A second difficulty with Heath's account is that we have too many constructions. 
Under the hypothesis that we begin by 'dividing' a figure, that figure must be the angle 
in the semicircle BAC. So when we construct ED, we have yet to construct BE, EC. 
But the text tells us to construct one line, not three. Of course we could have any initial 
triangle given by the angle constructed, but only luck would make it the right one 
for the altitude to be drawn from the centre. So Ross (1949, p. 644) draws the one 
isosceles triangle in this manner. I think, however, that a natural reading of An. Post. 
A 1 suggests a proof with one angle in the semicircle which is initially given.20 If it 
is possible to find such a proof, we should adopt it for the later passage at B 11 on 
which Ross is commenting. 

This leads to the third objection to Heath's example. The example at An. Post. A 1 
is clearly the same as that at Met. O 9. But only by a contortion could one have the 

proof end as suggested by the text, An. Post. B 11. 94a28-34: 

Why is the angle in the semicircle right? Upon what being the case is it right? Let A stand for 
right angle, B for half two right angles, and C for the angle in the semicircle. Then B is the cause 
of A, the right angle, belonging to C, the angle in the semicircle. For this (B) is equal to A (cf. 
Figure 4), and C is equal to B. For B is half two right angles. So since B is half two right angles, 
A belongs to C (and this is that the angle in the semicircle is right).21 

The conclusion on the basis of Heath's version of the proof would have to be that 
the particular angle in the semicircle is right, and then by III. 21 that they all are. But 
this is not what Aristotle says. The difficulty of moulding this passage into a part of 
Heath's proof is particularly evident from Ross's attempt to do so.22 For Ross gets 
to this deduction only by sacrificing any mention of the fact that a perpendicular has 
been joined.23 It will be seen that the wording of Ross's proof minus the perpendicular 
must be correct. For as Ross correctly sees, the three passages should have the same 
proofs at hand, whatever they may be. 

Heath, on the other hand, sees the difficulty which Ross gets into and adopts the 

of the circle are greater and less. Moreover the separate cases of the segments were divided into 
two parts, one giving the relation of the angle size to the right angle, and the second giving its 
equivalence in terms of its 'distance' from the right angle. 

20 An. Post. A 1. 71 a 19-21: OTl tEV yap rrav Trptywvov EXEt ovav opOals L'asa, 7Tpo77tEtE 01r 
S6 TO6OE TO E7v T7r.1 JItKVKKAlil rpLyWVOV ETLv, aita Erra?yo'.evos Eyvwptaevv. The proof starts 
with I. 32b and the triangle constructed by the angle in the semicircle as givens. The proof then 
should use both facts. 

21 'la Tl' oap6O & E'v -fJKVKAwol~; TLVo 0pO; EVOTS OV p0; pOj 'O' po S A, 7'7juetta Ovolv 

OpOalv q ' 
~S B, X (V 'ljiKVKAl'wl ?(' gS F. TroV On rT A r7TqV Op06,V VardpXEV Trt F 7T7t EV 

Tr)t 'll/iKVKAtlot artov rTO B. av(rr) /1Ev yap Tr7 A 'aorl, n SE rO F r7Lt B' 3vo yap op0dv ;/t[raEta. 
TOV B o ovv rosV tf/ao 3Eos opOCov TO A Tr F r7TrrdpxE (toVrTo 8 ' 7vTO E'v 7'ttlKVKAt,)L 

opO)lv ElvaI). 
22 Ross, 1949, p. 691; also cf. Ross, 1924, ii. 271. 
23 Ross, 1924, ii. 271, thinks the right angle a superfluous oversight: 'it would be natural 

enough for Aristotle by an oversight to think that the angle could more easily be proved to be 
right in the symmetrical case in which it is the sum of two half right angles'. This is the sort of 
error which would be very much unnatural to the author of the discussion on universal proof 
at An. Post. A 5. 
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alternative proof in Euclid, which uses I. 32 a.24 This isolates the example in An. Post. 
B 11 from its twin at A 1. That he needs to assume two different proofs are being 
alluded to here and at Met. 9 9 is a further thorn in his argument. However, Heath 
sees that otherwise he will have to assume that the angle in the semicircle is the specific 
one in Figure 3. No more here than at Met 9 9 is there a hint of a need for 
generalization. 

E, 

B D C 
Figure 4 

In defence of his reading Heath argues that ps.-Alexander seems to think that there 
are two problems, the special case and the application of III. 21. In fact ps.-Alexander's 
own text may have divided the question into two parts. For he seems to punctuate 
his text,25 8 a6vTL av Ev evOvs 8rAov 8ta ri ev -VzLKvKALut opO6r; KaKoAoov SLa Tr; for 

Met. @ 9. 1051 a26, 27. Apart from substituting a-raOeloa for EcrTLCTa0Eora, he reads 
lines 28-29 canonically. He takes the subject of each &SAov (lines 26, 28) as OTt, i.e. 
what is made evident is the fact of the conclusion. Ps.-Alexander clearly does not 
understand the example. He explains the example of the angle in the semicircle by citing 
Euclid's proof, but adapted to or confused with the canonical reading of line 28, i.e. 
he gives Euclid's proof, but only for the special case of the isosceles triangle. He insists 
on AD (Figure 4) being perpendicular to BC, XO0w 8be 7rpos 8pOfs T'it fy (BC) 7 aE 
(AD).26 Although he offered some insight on the first example, as a guide to the sense 
of this text, ps.-Alexander is not very helpful. 

However, whoever punctuated the copy of the Metaphysics used by ps.-Alexander 
understood the problem and so put the two questions in the text, the first of which 
ps.-Alexander answers inappropriately with a proof adapted from Euclid. But this 
editor must have assumed Aristotle to have left the second question, of the universality 
of the theorem, completely unanswered. Heath ingeniously adopts the sense of the 
passage which results from this punctuation. But the revised punctuation is not a good 
reason for Heath's position. It is merely a statement of the problem which Heath tries 
to solve. Whoever adopted the punctuation adopted it just because he could not see 
the second question answered. But if there are two questions at least one, the first, 
will be answered in the text. Heath manages to answer both questions, thereby 
showing his ingenuity as geometer and ps.-Alexander's lack of ingenuity. But as to 
the idea conveyed, ps.-Alexander was still closer to the point being made. Ps.-Alexander 
botches the example, and Heath makes it too complex and perplexing. Whatever figure 
Aristotle intended, it should involve no more than one construction, and the theorem 
should be evident from the figure and Theorem I. 32b. 

Before proceeding to the solution, one should see how the proof in Euclid of the 
24 Heath, 1949, p. 72. 
25 Ps.-Alexander, p. 596, lines 16-20, 23-4. 
26 Ibid., p. 596. 34. 
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angle-in-the-semicircle theorem (Euclid III. 31) fits with Aristotle's texts. Given 
triangle ABC in semicircle ABDC, extend BA to E and connect AD. Because triangles 
ABD, ACD are isosceles, BAD = ABD, ACD = DAC. But BAD+ DAC = BAC. 
Hence ABD + ACD = BAC. But by I. 32a, ACD +ABD = EAC. So EAC = BAC, 
so that each is a right angle. This proof fits with An. Post. B 11. So Heath could have 
chosen it as easily as the alternative proof. On two counts, however, it fails our 
conditions for being an appropriate version. It has a superfluous construction AE, 
and it uses I. 32a instead of I. 32b. But it is interesting to note that given his position 
on the first example in Met. 0 9, Ross could have accepted ps.-Alexander's version, 
or some other adaption of Euclid's proof. 

A 

B D C 
Figure 5 

I believe that from a correct reading of Met. 0 9 we can reconstruct Aristotle's 
construction and proof. It will be seen that contrary to what Heath argued,27 it is 

possible to get all three passages, An. Post. A 1, B 11 and Met. 0 9, in harmony. This 
involves severing opO7q from r7 EK IfEUOo ELaTraOGeaa. Then the antecedent of the 
sentence at 1051 b27-29 will be, <(6)TL> Eav t'at TpEis, TE are fdcitV KaL 7j EK ifEUao 
ErLUTraOelaa. How we are to do this leads us to the appropriate emendation. The point 
for now is to see the sense which the result of such an emendation would bring. We 
take Ross's proof for the Analytics [Ross, 1949, p. 641] and use the figure for the 
alternative proof in Euclid. That proof is inappropriate because it uses I. 32 a. For it 
shows BAC = ABD + ACD and the sum of all three equal to the angle about point 
D via I. 32a (cf. Figure 5). The current proof uses I. 32b, at the climax of the proof, 
and then may be thought to end with the reasoning at An. Post. B 11. Finally it uses 
only the one construction demanded by the emended text. The text may be translated, 
'If three sides are equal, the base taken as two and the side standing from the middle 
(to the apex),...' 

So given semicircle BAC and triangle ABC, join AD where D is the centre of the 
circle. Following the reasoning of the three passages in Aristotle on the theorem, we 
observe that ABC is a triangle and hence by I. 32b that ABC + BAC + ACB = two 
right angles (An. Post. B 11). As before BD = AD = DC; the initial conditions are 
then met. Now DBA = BAD and DAC = ACD. Hence BAC = BAD+DAC = 
DBA +DCA. So BAC + BAC = two right angles. From here the reasoning of An. 
Post. B 11 may proceed. Let X stand for 'right angle', Y for 'half two right angles', 
and Z for 'angle in the semicircle', i.e. for BAC. We have shown that Y belongs to 
(is equal to) Z. And X is equal to Y. So X is equal to Z.28 

It is also clear from the example why Aristotle singles out for mention the claims, 
27 Heath, 1949, pp. 72-3. 
28 This version of the proof is proffered and rejected by Ross, 1924, ii. 271. So far as I know, 

Dancy, pp. 374-5, is the only scholar to have endorsed it for An. Post. B 11. He does not say 
how he deals with Met. @ 9. 
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in the first example, that the angle about a point is two right angles and, in the second, 
that the angles in the triangle are two right angles. First there is the obvious matter 
of the middle term as providing understanding, to which I shall return. But almost 
as important is that these two geometrical facts are the last to occur in the respective 
proofs. Afterwards the mind uses matters more general than geometry. In other words 
Aristotle means by 'it is clear to one who knows the fact that...' that one knows the 
various relevant theorems and geometrical facts, this and this and this last one. This 
is why the examples are so natural, and why Heath's introduction of III. 21 is not. 

The difficulty is to make the text conform with the necessary interpretation. Simplest 
is to excise opO71 from the text.29 Ross, who chose not to use the Latin-Arabic text 
in his edition of the Metaphysics,30 rightly says that all the evidence available to him 
counts against deleting op0Or. However, if the author of this part of ps.-Alexander is 
Michael of Ephesus, the Arabic translation of Eustathius will be the oldest witness 
to the text, even if a bad one.31 The Arabic text does omit pOpr', but at some cost. 
For the translation is very free (omitting some punctuation): 'and likewise why 
in every semi-circle is there one right angle on the circumference whether its (the 
triangle's) sides are equal or are unequal if its base is the diameter whether they fall 
on the centre of the circumference or elsewhere, then it will be clear to someone who 
looks at it and has knowledge of it.'32 This is one instance where the Arabic text seems 
too interpretative to base a conclusive argument on. Yet deletion of opO"0 may be the 
best solution. 

It is easy to offer a host of other plausible emendations which preserve opO'r. The 
problem is simply to move the comma to get something like Christ's KaOo6Aov; &toTt 

Eav r T .... rtearaOelaa, opO' l8Ovt. . .33 But Christ loses the parallel between line 
26, where the apodosis is a $r'Aov clause, and line 28, where the apodosis was a 8rAov 

29 This, in effect, is what Roman does in his translation of Aquinas. However, he offers no 
justification for it, and it would seem there is none in any of the Latin translations from the 
Greek. Cf. Aquinas, p. 694. The only justification he can give for his translation is that Aquinas 
gives the alternative proof in Euclid, without assuming the line drawn to be perpendicular. But 
his translation, which is supposed to represent Aquinas's text, is not here based on any edition 
I know of. The Latin of the Arabic translation used by Averroes, which I shall presently discuss, 
is a reasonable paraphrase and does not resemble Roman's translation (cf. Burke, p. 68). 
Aquinas's discussion shows the influence of Averroes. Ironically, the proof Aquinas gives in his 
commentary on the An. Post. (XVIII, p. 200), which uses the construction of the perpendicular, 
fits Met. 9 9, just as the version given here better fits that passage, as if he had forgotten which 
goes with which. 

30 Ross, 1924, i. clxiv. 
31 Walzer claims that the Arabic text represents an independent tradition. 
32 Averroes, p. 1214, Ins. 4-6. The Arabic goes 'wa kadhaalika lima fii kulli nisfi daa'iratin 

qaa'imatun waahidatun ?alaa 'lmahiiti tasaawit 'a suuquhaa 'am lam tatasaawi 'idhaa kaana 
qaa?idatuhaa 'lqutra ?alaa wusti 'lmahiiti waqa?at 'am ?alaa gayrihi fa'innahu bayyana liman 
nadhara 'ilayhu bi'inna lahu ma?rifatu dhaalika'. I think the attempt to reconstruct the Greek 
text is in vain, the first part of the protasis up to (K te.aov being very free with the text. The Arabic 
is bizarre also because it gives no construction at all. It just says that the theorem is obvious. 

33 Aristotle, 1886. Christ's recommendation appears in his notes. By removing $opOr from the 
protasis, we are not committed to keeping the figure which we would get with 0pO7'. I would 
like to think this is what Christ intended. If so he has the right construction, but a bad text. 
Heath (1949, p. 73) notes that he translated from Christ's edition in the first edition of his text 
of Euclid (1926, first ed. 1908, ii. 63), though he does not adopt Christ's suggested punctuation. 
He there translates the relevant phrase, ' the third set up at right angles at its middle point'. Like 
Eustathius, Heath takes the middle to be the middle of the circumference. In the later work he 
adopts Ross's interpretation. Except for his preferring &ia rt to Christ's &6rot in line 27, his 
change of heart is over the interpretation, not the text. 
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clause before emendation. So argues Ross, and he seems right.34 Also Christ's 

suggestion will make the cause a result of the particular construction rather than a 
universal geometrical fact. In the previous example, the cause was that the angles about 
a point are equal to two right angles, and not that the angles about the apex on the 
constructed parallel are equal to two right angles. One would expect Aristotle, on 
Christ's suggestions, to have said in the second example that the radii of circles are 
equal, or some such universal fact.35 

Nor will the obvious E7rtatiaOeZga, opOr] l68vrt L A,ov... work. For impersonal 
SrA,ov should have a conjunction, such as o'r or tia rL, governing the subordinate 
clause.36 

Cannan also tries to remove 6opOr from the protasis by writing 8ta ri for I6ovTL 
and supposing that the apodosis is op0r1 ota Ti; or as Ross punctuates op0r 6dLa ri. 

rAoov ... Again Cannan loses the symmetry of apodoses. Ross also argues that the 
corruption is unlikely.37 But with the punctuation unsure at lines 26-27, in order to 
get either Ross's text or ps.-Alexander's it is possible that one of the several tLa rt 
was lost in transmission. The text would then have perfect parallelism with line 26 
in the manuscripts: 

. . ., tOvTL av v evB'S &7Ajov Lda Tr. Ev l7jUtKVKAlCot op0O KaOoAov 3La Tr; -av vaaai 

TrpeS, 77 TE dctS ,voO Kal 7j EK F/(eaov ETrTaraOelaa, 3ta rt op0r7 tl8OVTL o7Aov ran 
EKELVO elSOTl. 

Moreover, there are several ways the corruption could have come about. 
It is possible, with ps.-Alexander and ps.-Philoponus,38 to understand a that-clause 

as the subject for the second SrAov, at line 28, though not for the first at line 26. The 

34 Ross, 1924, ii. 271. 
35 The plethora of Ota rt in Ross's text displeases Jaeger, although they are supported by the 

main Greek manuscripts. Jaeger argues in favour of the Latin translation, also favoured by 
Bekker and Christ, which puts 3tOTl for O&a Tr after KaO6Aov; in line 27, and so makes SLa Tr 

in line 26 go with the following clause. Besides the weak manuscript tradition behind it, Ross 
had objected that this reading requires a translation such as 'Why is the angle in a semicircle 
always a right angle? Because, if..., it is clear to someone who...that...' The fact that the 
theorem is evident becomes the explanation of its truth. Jaeger's defence involves the ways of 
referring to middle expressions at line 24 and An. Post. B 94a37, 95a 14, to show that the reply 
to the 'why' question is a 'because' answer, whether SLOTl or onr, followed perhaps by the 
expression of the middle expression. Of course the middle expression cannot be the construction. 
The middle expression which 8O6rt would initiate is referred to later by ?KELVO. One would have 
a sentence which could be filled out, '(The angles of a triangle equal two right angles) because, 
if a certain construction is made, it will be clear to someone who sees the figure and knows that 
fact'. The structure is, in fact, very close to the previous argument. But if Jaeger is right, to 
prevent the properties of the auxiliary constructions from becoming the cause of the theorem, 
opO7r must be emended to something like 3vo opOaZs, with the result that we would have a strong 
hyperbaton. Note that if the hyperbaton is possible here, it is possible without emendation for 
Ross's text. Given that the alternative reading is better supported, and makes sense, I see no 
reason to adopt the Vulgate reading. Hence we might prefer one of two other plausible 
emendations based on the text as it appears in Ross's edition. 

36 The only case in Aristotle attested (and doubted) by Bonitz (1870, p. 173 b 38-40) is Politica 
E II. 1313a 18; Vahlen emends $rAov to SrAov OTL, and Ross to $r/AovoTL. 

37 Ibid. In his capacity as Secretary to the Delegates of the Oxford University Press, C. Cannan 
made recommendations to Ross and allowed him to use some unpublished emendations, of 
which, I presume, the emendation under discussion is one. Cf. ibid. i. v. 

38 Ps.-Philoponus on the Metaphysics may have read OTL op0'. At least that is what he 
understands as what is clear: a',a r(tl OEaaaarOaL TWva TrV Ev T7Ul 'ttLKVKAUlot ycoviav, 8XA-r 
av 77v auvTr OTt opO7r hErTv (cod. urb. 49, p. 110v). Unfortunately the author does not seem 
aware that constructions may be necessary or even what the problem is (cf. Appendix for how 
Philoponus fails to understand the example). 
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lost parallelism could be explained by the fact that, for Aristotle, something is most 
evident to us only when we know why. OTlt oppO could easily have become OpO'j, 
especially as soon as an editor associated opOr with E,TraraLc Oeaa. Alternatively 
8rAqovort Trn could have become S,Aov r-Tt by simple haplography. Either will do. 
There is then reason for thinking the original text to have been: 

..., a86vTl av -v v Ev',S 8 ,Aov S&a Tl'. Ev /ULKUKVKAOL 0Pt O KaO6Aov && a '; av ' aat 
TpEZSS, 7E T asd(tL ovo Kal 77 EK i'eaov E'nLTcaTaetaUa, OTtL pOr1j 86VTtL 3 Aov 7TCOL EKEIVO 

ELSOTL. 

For there is a strong parallel between this reading and those passages where Aristotle 
is making roughly similar points about the diagram making the theorem evident. In 
particular Meteor. r 5. 375b 17-19 provides a parallel.39 From the diagram the fact 
that the rainbow is not greater than a semi-circle is evident. This is similar to what 
Aristotle has been saying in our passage in the Metaphysics. For to make a fact clear 
is to give an explanatory account. 

All this, however, is a matter of taste. Though I prefer deletion of opo7j, I am not 
certain which of the suggested emendations is correct. But I am certain that one of 
these or one like these must be correct. And if I am correct, these two examples from 
Met. @ 9 provide, from the philosophical point of view, the finest examples of what 
Aristotle feels important in geometrical analysis to be found in the corpus. When thus 
cleansed of their obscurity, they show clearly the relation that Aristotle wants to 
emphasize between the construction of a figure and the process of acquiring 
geometrical understanding through a middle term. 

They also point to another interesting historical possibility. We have several 
theorems, all not Euclidean (I am including the exterior-angle theorem) and all 
somewhat interrelated. In one case the proof is alleged by Aristotle's friend Eudemus 
to be Pythagorean. His source can only derive from the 'Pythagoreans' in the 
Academy. Another is traditionally associated with the Timaeus. Neither of the 
examples from Met. O 9 uses Theorem I. 32a, while their cousins in Euclid do. It is 
not implausible to suppose that Euclid introduced I. 32a and proceeded to use it, even 
where it was traditionally unnecessary. For the proof in Euclid of III. 31 is certainly 
less elegant than the one I claim to find in Aristotle. At the very least this is further 
indication that the state even of Book I of the Elements was not so well established 
as we might have thought. 

We may also ask why Aristotle is at all interested in I. 31 b and III. 31. I. 31 b is 
certainly a model of a simple and fine example. But I would suggest that there is 
another reason why these two examples appear together. For Aristotle the major open 
question is whether the circle can be squared. So for example at An. Priora 
B 25. 69 a 30-36 he considers whether the circle can be squared by lunes. For lunes 
can be made equal to rectangles and rectangles squared. Elsewhere (de Anima 
B 2. 413 a 16-20), he says that we have the explanation of squaring when we see that 
a rectangle is squared by constructing a mean proportional. But the construction of 
the mean proportional in Euclid VI. 13 uses III. 31. Again it is a not implausible 
hypothesis that Aristotle is interested in III. 31 because it is employed in a construction 
of the mean proportional. But the use of mean proportion is not found in the proof 
that the rectangle can be squared, Euclid II. 14, the crowning proof of that book. For 

39 STt 
' 

OVTE KVKAOV OLOV T7E y'yvEeaOat T7rS LpL8o oiUTE /PLELOV )LJLKUKALWL TTL,fJLa, KaL 7r(Epl 
iT6v aAAov irt v aUVlflCatVTWV 7rEpl aVTVr7, EK TOV 8LaypadpLaTroS EfaTal Oewpovat 87iAov. 
Another less likely possible emendation is based on a parallel at Meteor. A 8. 345a22: 8iAos 
7/pEv &aras 6O KVKAOS. But cf. note 37, where ps.-Philoponus has something like this. 
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II. 14 properly includes the construction of VI. 13, and in Aristotle's terminology 
obscures the middle term, i.e. in squaring the rectangle it makes no mention of the 

implicitly constructed mean proportion. III. 31 is, then, a significant buttress of the 
theory of proportions which was coming into existence at the time An. Post. was 
written and which receives such important notice in An. Post. A 5. Thus we see both 
that III. 31 plays a role in the new theory of proportion and that it is part of the 
progression of theorems aimed at squaring the circle. So too, according to Eudemus 
of Rhodes, Hippocrates used III. 31 as a starting point in the squaring of lunes. From 
the theorem of the equality of alternating angles and the fact that the angles about 
a point are two right angles we get the theorem of the interior angles of a triangle. 
From that and the fact that the two angles of an isosceles triangle are equal (An. Priora 
A 24. 41 b 14-22) we get the fact that the angle in a semicircle is right. From that we 
get the construction of the mean proportion in Euclid, VI. 13, and then the squaring 
of every rectangle. And this is the first step to squaring the circle. Taken together the 
structure and interrelation of these theorems offer a glimpse of pre-Euclidean 
introductory geometry as taught and developed by the Italians in the Academy. 
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APPENDIX 

It is curious, if not bizarre, that every Greek commentator on Aristotle who has 
anything substantial to say on the matter of III. 31 constructs the perpendicular to 
the diameter. Ps-Alexander's case is understandable, and he could be right and I 
wrong. He is merely adapting Euclid to the text of Aristotle which he has. The other 
two, Philoponus, in Arist. Post. An., p. 377, followed by Eustratius, in Arist. Post. An. 
B, p. 141, are different matters. They clearly do not understand what Aristotle's 
example is. They construct a circle BCDE with centre at A, and then draw 
perpendicular CA to drawn diameter BD (cf. Fig. 6). So far we have something like 
Aristotle's text of the Metaphysics, but apparently no angle in the semicircle. Then, 
however, they argue that, since a line drawn to a line makes two right angles, angles 
BAC and DAC are right angles. The reasoning is spurious, since the CA was drawn 
perpendicular, and invalid. But the interesting point is that Philoponus and Eustratius 
think that BAC and DAC are angles in the semi-circle. That what else they say 
harmonizes with An. Post. B 11 is small solace. 

Philoponus rightly identifies III. 31 as occurring in the third book of Euclid. But 
it is quite clear that he never read that book, nor was able to read it. So when he goes 
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on to say that the theorem is difficult (!) to show to the ungeometrical from what Euclid 
says, he means himself, or at least ought to.40 How did our error creep into Met. 0 9? 
It seems to me that someone such as Philoponus with his misconception emended O 9 
so as to conform with his idea of what the angle in the semicircle is supposed to be. 
Naturally, this meant that the perpendicular had to be constructed, as that is the only 
'angle in the semicircle' which will be right. The error would have to have occurred 
in an era of extreme mathematical ignorance, e.g. the sixth or seventh century, and 
in a place where there was no Simplicius or Proclus.4' 
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